We consider the construction of a posteriori error estimator (AEE), based on the reference solution for one-dimensional hp-adaptive finite element method (FEM). It is shown that the square of the global error estimator can be represented as a sum of squares of single element error indicators, which are calculated independently on the elements of the selected mesh. The obtained decomposition can be used to justify the iterative algorithms of hp-adaptive FEM schemes. The proposed estimator can be used to calculate the error decrease rates for different local mesh refinement of just single finite element without re-calculating the entire reference solution on the whole problem domain. In addition, by choosing the system of Lobatto functions as a finite element basis, we propose an efficient scheme for calculating the local indicators.
INTRODUCTION
Adaptive finite element schemes are one of the most commonly used in practice algorithms for discretization of boundary value problems for both ordinary differential equations and partial differential equations [2, 3, 9] . The key problem in constructing such schemes is a reliable estimate of the error of the approximation found on each finite element. The distribution of values of the obtained estimates allow us to find the regions of the solution's domain of definition with the increased level of error and, in turn, carry out the local refinement of the mesh in these regions in order to achieve the given accuracy of approximation with the most economical use of computing resources [1, 2, 4-6, 13, 14] . In addition to the above-mentioned local coarsening/refinement of a finite element mesh at each adaptation step (h-adaptivity), we can also increase the order of polynomial approximations on selected elements with higher levels of error (p-adaptivity) [13, [10] [11] [12] . The combination of the described adaptation options is the basis of the so-called hpadaptive FEM schemes [4] [5] [6] [10] [11] [12] [13] [14] . The latter, giving a greater freedom to construct the approximation spaces, introduces a complex problem of optimal choice between the local spatial refinement of a mesh and/or an increasing the order of the basis functions on finite elements [4, 13] . Successful resolution of this optimization problem requires, in particular, the construction of error estimates for high order approximations, which will allow a certain homogenity of computational procedures to be achieved on finite elements. However, the difficulty in solving these problems can be compensated by the potentially exponential convergence of the calculated sequence of finite-element approximations [10] [11] [12] .
In this article, we consider a posteriori error estimator, based on the reference solution, which can be used regardless of the type of boundary value problem, the order of approximation and the dimension of the problem domain of definition. Such estimator can be seen in the fundamental papers of Demkowicz [4] and Sǒlın [14] . It was used there to construct automated software packages for engineering computations using hp-adaptive finite element method. It should be noted that in these works there are local error indicators considered without a strict justification of the overall error estimator across the entire problem domain. The latter requires the establishment of a certain link between the global estimator of the error and the distribution of its local indicators, which is the main purpose of this article.
For an one-dimensional case, it will further be proved that the square of the considered AEE, determined on the whole domain of the problem, is equal to the sum of squares of the same estimators, but calculated separately and independently on each finite element. We provide further exploration of the established fact and alternative proof of it, which is based on a more general considerations using Green's function. For onedimensional space, such AEEs are used to estimate the approximation of the FEM approximation for convection-diffusion-reaction problems (which, in fact, are the most general linear problems in this case):
  0 0 0 given coefficients of diffusion ( ), convection ( ), reaction ( ) , and sources ( ) and numbers , , , ;
find function ( ), such that on (0, ),
Problem (1) admits the following variational formulation: 1 find function : ( ), such that ( , ) , ,
We assume that the data of considered problem (1) guarantee the variational formulation is (2) well-posed. General purpose of hp-adaptive FEM algorithms is to build the sequence of finitedimensional piecewise-polynomial approximation spaces { }, , dim ,
which allows you to compute the sequence of convergent approximations i.e.
find approximation , such that ( , ) , . 
is the energy norm of the variational problem (2) .
As it was mentioned in the beginning, in this article we will study the specific a posteriori error estimator and will concentrate our attention on the computational scheme for it. The structure of this article is as follows: in section 2 the general definition of the error estimator, based on the reference solution, is provided; in section 3 the scheme of calculation of the estimator is provided and we discuss aspects of its effective implementation; in section 4 the main theorem on the representation of a global AEE, based on the reference solution, in the form of the sum of the squares of the corresponding local indicators is proved; in section 5 we further explore the problem of estimator decomposition and consider alternative proof of the main theorem based on more general criteria.
A POSTERIORI ERROR ESTIMATOR BASED ON REFERENCE SOLUTION
Let us consider the mesh
We assume, that on each finite element
XK of all possible polynomials, degree of which does not exceed K p is constructed (we will also use the notation : iK pp  ). We define vectors 12 ( , ,..., )
, that uniquely define a mesh of finite elements and polynomial degrees of approximations on the corresponding elements. Now we can define the space of approximations on the entire problem domain of definition
Let us construct finite element approximation ,, () ( , ,..., ) ( , , , ,..., , )
. Let us also assume that if we have defined the vector 12 ( , ,..., ) . Let us recall that mesh defined by the pair ( / 2, 1)  hp is obtained from mesh ( , ) hp by applying uniform bisection and increasing by 1 approximation order on each new sub-element. We will use the following formula to compute the estimator:
where local indicators K  are computed as:
we will call reference solution [4, 14] .
Considered a posteriori estimates has advantage over other estimates because it can be used regardless of the adaptation scheme and/or boundary value problem or mesh structure. On the other hand, in the context of hp-adaptation algorithms we need to compare different refinement patterns on each finite element. Such comparison is done by comparing the error estimates for different refinements. Thus, if we want to proceed with such technique and use indicator (8) u  on entire domain. Taking into account that we have many elements and on each of them we should compare different refinements, we can conclude that obtained estimate is not efficient. To improve indicator K  , in [4, 14] it is proposed to modify (8) in such way that for fixed reference solution we will calculate its projection onto the current mesh rather than direct FEM approximation:
is an orthogonal projection operator onto the mesh defined by the pair ( , ) hp. Introduced projector is constructed later in (12) . We can compute the same estimator on the entire domain:
In this article we study the relation between quantities of the estimator   and indicators K  .
PROJECTIONS OF THE REFERENCE SOLUTION AND THEIR EFFICIENT
COMPUTATION Let now describe a construction of the projector, mentioned above. Without loss of generality, we will proceed with projection on the entire domain  . In the completely same manner, we can find a projection on the single element K or even on every other interval. 
( ) such that 12) or using the next definition, which is equivalent to (12) 
Consider now the general scheme of computation of projection, which is defined by (13 (14) is inefficient. For a more effective formula, let's consider the known Legendre equation
By substituting 1 n  instead of n and integrating (15) on a segment [ 1, 2 / 1] xL  we will obtain an alternative representation of the basis bubble functions: 
and by using Galerkin procedure we can find coefficients j q as the solution of the system of the linear algebraic equations (or simply, linear system):
Taking into account the structure of the Lobatto basis functions (14) and the orthogonality of the Legendre polynomials, we can see, that the matrix of system (21) is diagonal, what makes the calculation of the projection a trivial problem. Now, since the function on each finite element, for example, by the Gaussian quadrature formulas [7, 8] .
DECOMPOSITION OF THE A POSTERIORI ERROR ESTIMATOR
In this section we present the base proof of the theorem on the decomposition of AEE (11) based on the reference solution. Next, we prove an auxiliary criteria that provides sufficient condition for the approximation of the FEM to be an interpolation function for the exact solution on the considered set of mesh nodes. On the basis of the proven criteria, an alternative proof of Theorem 1 is constructed. 
In (28) we take into account that i   is the Legendre polynomial scaled to K (see (14) ) and therefore it is orthogonal to constant, i. By directly solving the obtained system and taking into account (46) and decomposition (40) we finally get: We see that formula (48) defines a piecewise-linear function with respect to x , for every fixed s with a discontinuity of the derivative at the point xs  . Given the symmetry of the Green's function (which, in particular, is easy to see in this particular example), we obtain that for every fixed x function ( , ) G x s will be a piecewise-linear with respect to s , having discontinuity of the derivative at the point sx  . Taking into account now the structire of the approximation space of the problem (13), we obviously obtain the condition (31) of Theorem 2 in the mesh nodes i x . Hence, in accordance with the scheme of proof of theorem 1, we obtain the possibility of elementwise calculation of the error by solving problems (30). The graph of the function ( , ) G x s with fixed s is depicted in Fig. 1.  Fig. 1 . The graph of the function ( , ) G x s with fixed s 6. CONCLUSION We consider the construction of a posteriori error estimator based on the reference solution which was proposed in the papers of Demkowicz [4] and Sǒlın [14] for the onedimensional hp-adaptive finite element method schemes. Using the Green's function, it is shown that the square of the constructed global error estimator can be represented by the sum of squares of element-defined indicators, which are independently calculated on the elements of the selected grid. The obtained correlation makes it possible to substantiate the iterative algorithms for solving optimization problems that arise during the construction of the FEM hp-adaptive schemes and is a refinement of the results from [4] . The effective scheme of calculation of local indicators is highlighted.
